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ABSTRACT
This paper presents an energy-based methodology to compute internal stress states compatible with foundation
settlements in masonry structures. The method is based on the application of Thrust Network Analysis (TNA).
TNA is a lower-bound method that searches for admissible force networks in masonry structures by solving a
constrained nonlinear optimisation problem (NLP) in which constraints enforce the limit analysis’ admissibility
criteria. In this paper, the objective function minimises the complementary energy, which directly considers
prescribed foundation displacements. This minimum energy criterion allows selecting among the infinite
admissible stress states, the ones compatible with the settlements, suggesting potential crack regions at the
onset of the motion. Application to general two- and three-dimensional masonry structures under vertical
and horizontal loads are presented. The method has the potential to link internal stress states to boundary
displacements and, thus, give mechanical meaning to typical crack patterns observed in masonry structures.

1. Introduction
The mechanics of masonry structures are dictated by their discrete
nature and negligible tensile capacity [1]. Due to this unilateral behaviour, the stability in masonry relies primarily on structural geometry
rather than material strength [2]. Unlike elastic systems, foundation
settlements or excessive loads lead to the development of cracks and the
creation of rigid macro-blocks [3]. These particularities preclude the
application of general analysis tools to masonry buildings, enforcing the
need for suitable analysis methods, which are currently scarce [4,5].
Adopting Heyman’s assumptions [6], limit analysis can be applied to
masonry structures [7–11]. In continuum mechanics, these hypotheses
have been formalised in [12,13]. Prior to this formal description,
internal stresses were searched by finding compressive paths within the
envelope of two-dimensional structures in combination with graphic
statics [14–17]. Currently, this technique is known as Thrust Line
Analysis (TLA) and has a series of 2D or pseudo-3D applications [18–
20].
For general three-dimensional structures, following the work of
[21], Thrust Network Analysis (TNA) was proposed in [22] as an
extension of TLA which considers the internal stresses as an axial force
network. It decouples horizontal and vertical network equilibria, computed by solving two successive linear optimisation problems. In [23],
horizontal forces are introduced. In [24], the network’s horizontal

projection, or form diagram, is fixed, reducing the indeterminacy of the
equilibrium and allowing for efficiently coupling of the horizontal and
vertical equilibria in a direct optimisation process. Further work [25–
28] introduced different objective functions, such as minimising and
maximising the horizontal thrust and maximising the geometric safety
factor (GSF) and imposed constraints to the network’s vertex elevations
to lay within the structure. These later developments enabled the
application of TNA to practical masonry assessment problems, keeping
as main advantages the simple and intuitive input necessary to the
analysis: the structural envelope and the geometry of the form diagram.
Nevertheless, one of the major challenges when assessing existing structures is associating the observed cracks, or pathologies, with
foundation settlements [29,30]. This can be done by introducing an
energy-based criterion that minimises the complementary energy of the
structure for a given foundation displacement [13]. This approach has
been applied to a normal, rigid, no-tension (NRNT) material in [31],
with applications to 2D structures [32,33] or to panels [34,35] assuming an elastic response in compression. It is shown that for a NRNT
material, minimising the complementary energy is equal to minimising
the opposite work of the reaction forces [33].
In this paper, the TNA formulation is revisited and coupled, for the
first time, with the complementary energy minimisation. The present
formulation can deal with vertical and horizontal loading conditions,
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and, unlike previous approaches, such as [32,34], it applies to any
spatial geometry. By searching among infinite admissible stress states,
the ones compatible with specific settlements, the locations where
cracks are most likely to form following these movements are revealed.
The outcome helps to understand the mechanical behaviour of vaulted
masonry structures through a comprehensive analysis method that
practitioners can readily use.
The paper is organised as follows: Section 2 revisits the TNA formulation. Section 3 couples the search of admissible thrust networks
with the minimisation of the complementary energy. Section 4 shows
applications to two- and three-dimensional structures, followed by a
discussion in Section 5 and the conclusions in Section 6.

free nodes in the network 𝐳i are then described as a function of 𝐪id and
the support elevations 𝐳b ,
(
)
(
)
𝐩z,i − 𝐃b 𝐳b ,
(3)
𝐳i 𝐪id , 𝐳b = 𝐃−1
i
with 𝐃i = 𝐂Ti 𝐐𝐂i [𝑛i × 𝑛i ], 𝐃b = 𝐂Ti 𝐐𝐂b [𝑛i × 𝑛b ] and 𝐐 = diag(𝐪) [𝑚 × 𝑚].
2.3. Admissible networks
As described in [6], limit analysis can be applied to masonry structures, given that infinite compressive strength and null tensile strength
are assumed, and no sliding failure can occur. In continuum mechanics,
these assumptions are generalised in applying the normal, rigid, notension material (NRNT) described in [31]. For the present formulation,
these assumptions translate into no-tensile axial forces at the network
edges and constrain the network to remain within the structural section. The former enforces negative axial force densities 𝑞𝑖 in the edges
(Eq. (4a)) and the latter is implemented by constraining the nodal
elevations 𝑧𝑖 to lay between the elevations of intrados 𝑧LB
𝑖 and extrados
(Eq.
(4b)).
𝑧UB
𝑖

2. Thrust network analysis
In this section, the methodology to compute spatial thrust networks
is presented 2.1, the particular case for fixed network projection is
introduced 2.2 and the limit analysis TNA constraints are formalised
2.3.
2.1. Equilibrium networks
The solutions considered consist of a connected network composed
of 𝑚 edges and 𝑛 vertices, partitioned in 𝑛i internal and 𝑛b support
vertices. Nodal positions are collected in vectors 𝐱, 𝐲, 𝐳 [𝑛 × 1] and
applied loads at each direction in 𝐩x , 𝐩y , 𝐩z [𝑛 × 1]. The edge force
densities 𝐪 [𝑚 × 1] are taken as the static variables of the problem and
are defined at an edge 𝑖 as the ratio among its axial force 𝑓𝑖 and the
edge length 𝑙𝑖 , as in [36].
With this formulation, the nodal equilibrium of a network can be
written by introducing the connectivity matrix 𝐂 [𝑚 × 𝑛] representing
the connectivity and orientation of the edges in the network and the
coordinate difference matrices 𝐔 = diag(𝐂𝐱), 𝐕 = diag(𝐂𝐲), 𝐖 =
diag(𝐂𝐳) [𝑚 × 𝑚]. Let 𝐂i [𝑚 × 𝑛i ] represent the slice of 𝐂 in the free
nodes, the 3𝑛i internal equilibrium equations are
𝐂Ti 𝐔𝐪 = 𝐩x,i ,

(1a)

𝐂Ti 𝐕𝐪

= 𝐩y,i ,

(1b)

𝐂Ti 𝐖𝐪

= 𝐩z,i .

(1c)

𝑞𝑖 ≤ 0

for

𝑖 = [1, … , 𝑚],

(4a)

UB
𝑧LB
𝑖 ≤ 𝑧𝑖 ≤ 𝑧𝑖

for

𝑖 = [1, … , 𝑛].

(4b)

Remark 1. To check the no-sliding assumption, from Heyman [6],
a stereotomy and friction coefficient must be assumed to discretise
the continuous domain. In the present methodology, the masonry is
assumed as a continuous envelope. For adaptations of the methodology
considering interfaces, the readers are referred to [39,40].
Remark 2. Nevertheless, as shown in [40], if a specific stereotomy
is coupled with the TNA approach, the formulation is equivalent to
assuming a vertical stereotomy to the blocks. This is clearly a conservative assumption which is far from the typical well-constructed historical
masonry vaults as claimed in [2,41].
3. An energy-based criterion for NRNT material
In this section, the complementary energy formulation is revisited in
the context of reticulated systems 3.1. It is then specialised in the NRNT
model 3.2 and coupled with the search for admissible thrust networks
3.3.

2.2. Networks with fixed horizontal projection
In this work, networks with fixed horizontal projections are considered. This projection corresponds to a planar, connected graph named
form diagram. As a consequence, the horizontal equilibrium equations
(Eqs. (1a) and (1b)) are rearranged, introducing the horizontal equilibrium matrix 𝐄 = (𝐂Ti 𝐔; 𝐂Ti 𝐕) [2𝑛i × 𝑚] and the applied horizontal
internal forces 𝐩h,i = (𝐩x,i ; 𝐩y,i ) [2𝑛i × 1]. By exploiting the structure of
the null-space of 𝐄, the force densities are re-parametrised and written
as a function of 𝑘 independent force densities 𝐪id as
[ † ]
[ † ]
−𝐄d 𝐄id
𝐄d 𝐩h,i
𝐪 = 𝐁𝐪id + 𝐝, with: 𝐁 =
,𝐝=
,
(2)
𝐈k
𝟎

3.1. Complementary energy for a discrete network
We recall the Complementary Energy 𝑊c expression from [13], for
a continuum 𝛺 ∈ R3 . On the constrained boundary 𝛿𝛺D , prescribed
displacements 𝐮̄ are applied, and the internal stresses are represented
by the tensor 𝐓. Let 𝐀 be the fourth order tensor modelling a linear
hyperelastic behaviour in compression, the expression is
𝑊c = −

where 𝐈k is the identity matrix of size 𝑘, 𝐄d and 𝐄id are slices of 𝐄
related to the dependent and independent edges, respectively, and 𝐄†d
is the generalised inverse or Moore–Penrose pseudo-inverse of 𝐄d .
The transformation adopted in Eq. (2) allows for a variable reduction and for exploring the network equilibrium while keeping the
form diagram projection unchanged. A selected group of 𝑘 independent
edges (resp. 𝑚 − 𝑘 dependent edges) relates with the independent
force densities 𝐪id (resp. dependent force densities 𝐪d ). The number of
independent edges in a planar form diagram corresponds to its degrees
of freedom (DOFs) [37,38].
Through this formulation, the infinite space of spatial networks for
a given form diagram geometry can be explored. The elevation of the

∫𝛿𝛺D

𝐓 ⋅ 𝐮̄ 𝑑𝑠 +

1
𝐀𝐓 ∶ 𝐓 𝑑𝑉 .
2 ∫𝛺

(5)

The first term in Eq. (5) is linear and accounts for the imposed
displacements on the supports. The second, quadratic term reflects
the internal energy of the structure. Assuming a discretisation into a
reticulated system, the internal energy simplifies to its axial component,
which for an elastic material is written by introducing the structure’s
Young modulus 𝐸 and the cross-sectional areas 𝐴𝑖 . Assuming that the
ratio 𝑓𝑖 ∕𝐴𝑖 is constant within the structure, i.e., the cross-section areas
𝐴𝑖 are proportional to the axial force 𝑓𝑖 , the expression can be further
simplified and written in terms of the force densities 𝑞𝑖 as
𝑚
𝑚
∑
𝑓𝑖2 𝑙𝑖
1
1 ∑
𝐀𝐓 ∶ 𝐓 𝑑𝑉 =
=
|𝑞 | 𝑙2 ,
2 ∫𝛺
2 𝐸 𝐴𝑖
2𝜖 𝑖 𝑖 𝑖
𝑖

2

(6)
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terms of the partial derivatives of the reaction forces 𝜕𝐑z ∕𝜕𝐪id [𝑛b × 𝑘]
and 𝜕𝐑z ∕𝜕𝐳b [𝑛b × 𝑛b ] (and resp. 𝑥, 𝑦) as

in which, the constant 𝜖 takes into account the stiffness and the axial
strength in the bars of the structure. Eq. (6) yields in the well-known
load-path [42–44], which is linear for a system with given bar lengths
but nonlinear in the present case where the lengths are a function of
the nodal elevations.

̃ NRNT
𝜕𝑊
c
𝜕𝐪id

] ⎡𝐮̄ x ⎤
T
𝜕𝐑x T 𝜕𝐑y 𝜕𝐑z T ⎢⎢ ⎥⎥
=−
,
,
𝐮̄ ,
⎢ y⎥
𝜕𝐪id 𝜕𝐪id 𝜕𝐪id
⎢𝐮̄ ⎥
⎣ z⎦
[

(11a)

Remark 3. In fact, as demonstrated in [42], the term in Eq. (6) is
convex assuming that (i) the network horizontal projection is fixed, (ii)
the supports are co-planar, and (iii) unilateral forces are considered.

̃ NRNT
𝜕𝑊
c

Therefore, the expression of the complementary energy in a reticular system with stiffness parameter 𝜖 for a given set of support
displacements 𝐮̄ [𝑛 × 3] is

in which, 𝐮̄ x , 𝐮̄ y , 𝐮̄ z [𝑛 × 1] represent the 𝑥, 𝑦, 𝑧 components of the
support displacement and the partial derivatives of the reaction forces
are expressed below (see also [25]):

̃ c (̄𝐮, 𝜖) = −
𝑊

𝑛b
∑

𝐑𝑖 ⋅ 𝐮̄ 𝑖 +

𝑖

𝑚
1 ∑
|𝑞 | ∗ 𝑙𝑖2 ,
2𝜖 𝑖 𝑖

𝜕𝐳b

in which, the reaction forces in the support 𝑖 𝐑𝑖 = [𝑅x,𝑖 ; 𝑅y,𝑖 ; 𝑅z,𝑖 ] can
be retrieved from the components 𝐑x , 𝐑y , 𝐑z [𝑛b × 1] calculated as
(8a)

𝐑y = 𝐂Tb 𝐕𝐪 − 𝐩y,b ,

(8b)

𝐂Tb 𝐖𝐪 − 𝐩z,b .

(8c)

𝐑z =

𝜕𝐑z T
𝐮̄
𝜕𝐳b z

𝜕𝐑x
= 𝐂Tb 𝐔𝐁,
𝜕𝐪id
𝜕𝐑y
= 𝐂Tb 𝐕𝐁,
𝜕𝐪id

(7)

𝐑x = 𝐂Tb 𝐔𝐪 − 𝐩x,b ,

=−

(11b)

(12a)
(12b)
]
[ −1 T
−𝐃i 𝐂i 𝐖𝐁

𝜕𝐑z
= 𝐂Tb 𝐖𝐁 + 𝐂Tb 𝐐𝐂
𝜕𝐪id
[ −1 ]
−𝐃i 𝐃b
𝜕𝐑z
= 𝐂Tb 𝐐𝐂
.
𝜕𝐳b
𝐈

,

(12c)

𝟎
(12d)

𝑛b

4. Results

The horizontal components of the reaction forces (Eqs. (8a) and
(8b)) are a linear function of 𝐪id , while 𝐑z is a function of the unknown
elevations of the network 𝐳 and, therefore, a function of both 𝐪id and
𝐳b .

Relevant two- and three-dimensional examples are presented in
this section to illustrate the range of applications of the proposed
methodology.

3.2. Network complementary energy for NRNT model
4.1. Validation on the semicircular arch
For the normal, rigid, no-tensile NRNT model, the internal elastic
energy in Eq. (7) vanishes. This is equivalent to assuming that the
stiffness parameter in the network bars is infinite (𝜖 → ∞), such that
the complementary energy expression simplifies to:
̃ NRNT (̄𝐮) = 𝑊
̃ c (̄𝐮, 𝜖 → ∞) = −
𝑊
c

𝑛b
∑

The first application refers to a semicircular arch with thickness over
(central) radius 𝑡∕𝑅c = 0.20 (Fig. 1a). A linear form diagram with 50
nodes is used in the analysis with supports at both extremities. The selfweight (𝑊 ) is lumped into the nodes of the diagram according to its
tributary areas after projection in the arch’s central geometry. The arch
is subjected to three sets of settlements 𝐮̄ 𝑖 applied to the right support:
outwards 𝐮̄ 1 = [1, 0], inwards 𝐮̄ 2 = [−1, 0], and downwards 𝐮̄ 3 = [0, −1].
For each case, the optimisation problem in Eq. (10) is solved, and the
results are presented in Fig. 1b–d. In the plots, the points in which the
thrust line touch intrados and extrados are highlighted with blue and
green dots. When the thrust line touches the intrados (resp. extrados),
a crack forms on the extrados (resp. intrados). Additional constraints
preventing the extension of the emerging reactions from crossing the
extrados are activated as in [25].
For the outward and inward displacement (Figs. 1b–c), the arch
assumes the well-known minimum and maximum thrust states [29,41,
47]. The normalised horizontal reaction in one support is 𝑇min ∕𝑊 =
15.8% and 𝑇max ∕𝑊 = 25.5%. The downward settlement (Fig. 1d)
produces a tilted thrust line with uneven vertical reaction forces. The
vertical component of the settled support is reduced to 𝑉R ∕𝑊 = 47.8%
and the horizontal thrust is 𝑇down ∕𝑊 = 18.9%. This analysis confirms
results obtained in [48,49], validating the method and evidencing its
intuitive physical result.

(9)

𝐑𝑖 ⋅ 𝐮̄ 𝑖

𝑖

3.3. Minimising the complementary energy in the set of admissible thrust
networks
The search for the admissible stress solutions minimising the complementary energy in masonry structures for given foundation displacements 𝐮̄ is then executed by formulating and solving the following
nonlinear optimisation problem (NLP):
minimise

̃ NRNT (̄𝐮),
𝑊
c

subject to

𝑞𝑖 ≤ 0,

𝐪id ,𝐳b

LB

(10a)
for 𝑖 = [1, … , 𝑚],
UB

𝑧𝑖 ≤ 𝑧𝑖 ≤ 𝑧𝑖 , for 𝑖 = [1, … , 𝑛],

(10b)
(10c)

in which, the variables are the independent force densities 𝐪id , and the
support elevations 𝐳b from Section 2. The problem’s nonlinearity comes
from imposing the nodal elevations to remain between the intrados and
extrados of the masonry (Eq. (10c)). The objective function is linear in
terms of the reaction forces computed with Eq. (8).
The optimisation in Eq. (10) can be solved using interior point
methods. In this paper, the implementation is based on the open-source
solver IPOPT [45], which is wrapped in the compas_tno [46] package
developed by the authors. As a starting point to the NLP, a convex
problem is formulated minimising Eq. (6) to find the minimal load path
compressive network (see Remark 3), as in [42].
The description of the Jacobian matrix of the constraints is available in [25]. The gradient of the objective function over the problem
̃ NRNT ∕𝜕𝐪id [𝑘 × 1] and 𝜕 𝑊
̃ NRNT ∕𝜕𝐳b [𝑛b × 1] is written in
variables 𝜕 𝑊
c
c

4.2. Hemispheric dome
In this section, a hemispheric dome is analysed. The geometry of
the dome is obtained through a revolution of the circular section in
Fig. 1a, with 𝑡∕𝑅c = 0.10. Two different diagrams are considered to
perform the analysis. A radial continuously supported form diagram
composed of 20 meridians and 16 hoops (Fig. 2a), and a modified
diagram, with the same 20 supports but with inclined meridians, not
converging to the centre (Fig. 2b). The independent edges and supports
for the diagrams are highlighted in Figs. 2a–b. The dome is subjected to
3

Mechanics Research Communications 125 (2022) 103978

R. Maia Avelino et al.

of the dome, and a uniaxial stress field appears near the supports.
The uniaxial state indicates the well-known meridian cracks for the
spreading collapse mechanism of the dome [41]. Two cylindrical crack
lines can be identified by neighbouring vertices touching the intrados
(blue) and the extrados (green). In 𝛤 ∗ , the lengths of the perimetral
edges measure the magnitude of the radial horizontal thrust emerging
̃ c for
(e.g., 𝑇𝑖 ) and, therefore, the perimeter of 𝛤 ∗ corresponds to 𝑊
the spreading displacement. The optimal complementary energy value
also matches the result of minimum normalised horizontal thrusts
from [25,40], showing that these solutions are equivalent.
The solution in Fig. 3b shows the thrust network obtained for the
radial diagram and splitting displacement 𝐮̄ 2 . The normalised objective
̃ c ∕𝑊 = 11.3%. The settlement induces the
function reported is 𝑊
two halves of the dome to tilt inwards, increasing the pressure onto
the central strip of the dome orthogonal to the settlements, which
assumes a maximum thrust state. The increased force is evident by
the increased length of the corresponding edges in 𝛤 ∗ (see 𝑇𝑖 ). For the
̃ c corresponds to the sum of the 𝑥−components
split displacement 𝐮̄ 2 , 𝑊
of the reaction forces, which is represented by the height of 𝛤 ∗ , as
noted in Fig. 3b. This height is decreased due to the new internal force
distribution.
The same displacement field 𝐮̄ 2 is imposed onto the modified diagram and the results are depicted in Fig. 3c. The normalised objective
̃ c ∕𝑊 = 8.5%, which is 25% less than the
function reported is 𝑊
results obtained with the radial diagram. For this solution, the inclined
meridians get activated (e.g., 𝑇𝑖 ), enabling an alternative force flow
oblique to the applied settlement. This new force flow elongates 𝛤 ∗
̃ c . Regarding the internal force
and reduces its height, and hence 𝑊
distribution, hoop forces also vanish toward the supports, suggesting
possible inclined meridian cracks. Moreover, near the central strip, the
network touches the extrados into two crack lines suggesting cracks in
the intrados due to the two halves leaning inwards. Given the reduction
̃ c , this internal stress state is a better fit for the imposed spitting
of 𝑊
displacement. It is a valid solution from a lower-bound limit analysis
standpoint which has been achieved by analysing the problem with a
different form diagram.

Fig. 1. (a) Geometry of the semicircular arch and notation of reaction forces. Minimum
complementary energy solution for a displacement (a) outward 𝐮̄ 1 , (b) inward 𝐮̄ 2 and
(c) downward 𝐮̄ 3 imposed to the right support. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

4.3. Cross and pavillion vaults
In this section, a cross and a pavillion vault are considered. The
parameters defining the cross-sectional geometry of these structures
are presented in Fig. 4a, after [26]. The vaults are generated through
the intersection of two barrel vaults with the same semicircular profile
(𝑟∕𝑙0 = 0.5), with a springing angle 𝛽 = 30◦ and a thickness over span
𝑡∕𝑠 = 0.05.
The cross vault is subjected to a corner horizontal outward displacement 𝐮̄ 1 (Fig. 4b). The diagram used to describe the internal force flow
is an orthogonal grid with main diagonals following the vault’s creases.
Supports are assigned only at the corners of the vault, and the set of
independent edges used in the problem is highlighted in blue at Fig. 4b.
The pavillion vault is subjected to a unitary outward sliding of
one of its line supports 𝐮̄ 2 (Fig. 4c). The form diagram used is a
similar orthogonal diagram in which 56 supports are considered along
the boundaries. The set of independent edges used in the analysis is
highlighted in Fig. 4c.
The minimum complementary energy for the cross vault problem is
depicted in Fig. 5a. The value of the normalised objective function is
̃ c ∕𝑊 = 20.4%. The outward diagonal displacement reflects a spread𝑊
ing of the webs crossing the pulled diagonal. This spreading results in
two crack lines crossing that diagonal, obtained by connecting adjacent
vertices touching the extrados (green). Uneven horizontal thrusts are
observed, decreasing the horizontal thrust in the displaced corner (𝑇𝑖 )
and increasing the pressure applied to the opposite diagonal (𝑇𝑗 ). This
uneven horizontal reaction is reflected in the elongated shape of 𝛤 ∗ .
̃ c corresponds to the length of 𝑇𝑖 as the
Graphically, the value of 𝑊
horizontal component of that reaction is parallel to the foundation

Fig. 2. Form diagrams used in the hemispheric dome analysis: (a) radial diagram
(b) modified diagram. Supports are shown in red and independent edges in blue. (a)
Spreading 𝐮̄ 1 and (b) splitting 𝐮̄ 2 displacement fields applied to the supports. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

two sets of unitary foundation displacements. A spreading displacement
𝐮̄ 1 (Fig. 2c), and a splitting displacement 𝐮̄ 2 dividing the dome into two
halves (Fig. 2d).
The results obtained are reported in Fig. 3, in which the thrust
network (G) is shown next to the reciprocal form (𝛤 ) and force (𝛤 ∗ )
diagrams. The force diagram represents the internal equilibrium [22].
Each edge in 𝛤 ∗ maps to an orthogonal edge in 𝛤 such that the
magnitude of the horizontal force carried by the latter corresponds to
the length of the former. The scale of 𝛤 ∗ is reported as a percentage of
the dome’s self-weight (𝑊 ). The thickness of the edges in G and 𝛤 are
scaled to the force carried.
Fig. 3a shows the minimum of the complementary energy once
the spreading displacement 𝐮̄ 1 has been applied to the radial diagram.
̃ c ∕𝑊 = 19.9%. In the
The normalised objective function reported is 𝑊
solution obtained, a bi-axial compression cap is seen in the upper part
4

Mechanics Research Communications 125 (2022) 103978

R. Maia Avelino et al.

Fig. 3. Thrust network (G), form (𝛤 ) and force (𝛤 ∗ ) diagrams for the minimum complementary energy in the dome assuming (a) outward displacement 𝐮̄ 1 and radial diagram,
(b) splitting displacement 𝐮̄ 2 and radial diagram and (c) displacement 𝐮̄ 2 and the modified diagram. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

Fig. 4. (a) Cross-section and parameters to construct the cross and pavillion vaults. (b) Orthogonal form diagram and corner displacement 𝐮̄ 1 . (c) Orthogonal form diagram with
continuous supports and displacement 𝐮̄ 2 . Independent edges are shown in blue and supports in red. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

displacement. Qualitatively, the crack lines in the webs described here
follow the crack pattern obtained in cross vaults with Discrete Element
Modelling (DEM) in [50].
The minimum complementary energy for the pavillion vault problem is depicted in Fig. 5b. The value of the normalised objective
̃ c ∕𝑊 = 2.6%. The support movement suggests crack lines
function is 𝑊
in the intrados on the web adjacent to the settlement. The force paths
parallel to the settlement assume a minimum thrust behaviour (e.g., 𝑇𝑖 )
or vanish. Consequently, the loads flow in the perpendicular direction

in which the force paths assume a maximum thrust configuration
(e.g., 𝑇𝑗 ). This is evident in 𝛤 ∗ , where the magnitudes of 𝑇𝑖 and 𝑇𝑗 are
highlighted, and the diagram assumes an elongated shape having a low
̃ c . A similar geometry has been analysed in [51]
height and hence low 𝑊
considering a DEM approach in which the web cracks suggested by
the present model have been also obtained. However, in [51], only the
portion near the support is observed to crack since, due to the friction
among the elements, the opposite web is not affected.
5
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Fig. 5. Thrust network (G), form (𝛤 ) and force (𝛤 ∗ ) diagrams for the minimum complementary energy in (a) the cross vault subjected to corner displacement 𝐮̄ 1 , and (b) pavillion
vault subjected to outward displacement 𝐮̄ 2 . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

4.4. Combined effects of settlements and horizontal loads
This section revisits the pavillion vault from Section 4.3 to show
the coupled effects of horizontal loads and foundation settlements.
The horizontal load is applied to the vertices of the network in the
𝑥−direction. A horizontal load multiplier 𝜆h = 0.30 is considered,
which means that the horizontal force component at each vertex has a
magnitude equal to 30% of its the lumped self-weight. Horizontal load
multipliers are often used to approximate the effect of earthquakes in
masonry vaults [52]. By combining settlements and horizontal loads,
e.g., the leaning of supporting walls during an earthquake can be
modelled.
The minimum complementary energy solution for the pavillion
vault problem with 𝜆h = 0.30 is depicted in Fig. 6. The objective
̃ c ∕𝑊 = 28.9%. The thrust network obtained is tilted
function value is 𝑊
against the horizontal loads, as shown in the main section (Fig. 6b).
Furthermore, the loads flow orthogonally to 𝐮̄ 2 and to the corners,
alleviating the thrust acting on the displacing line support. This solution not only shows that the pavillion vault studied can support the
horizontal loading applied, as a consequence of the Limit Analysis’
Safe Theorem, but it also enables an exploration of the domain of
admissible solutions for particular movements of the supports. Further
optimisation and variation of the form diagram topology could be
envisaged to model the reduction of the thrust over the settled supports.

Fig. 6. Results obtained for the pavillion vault subjected to boundary outward
displacement and horizontal load with a multiplier 𝜆h = 0.30. (a) Perspective and (b)
main sectional view.

blocks, and other mechanical properties (e.g., friction), which are not
considered by the present methodology. The method also does not account for the nonlinear effects due to large deformations (e.g., see [29,
51]) and is dependent on the geometry of the form diagram. The
form diagram selection should follow the structures’ geometric features,
prescribed displacement and loading conditions. Strategies to improve
the selection of appropriate form diagrams include analysing initial
stress states with the help of force diagrams (Fig. 3) and providing
additional force paths to the supports, e.g., by adding diagonals to the
form diagram as in [26]. Moreover, the combination with feature-based
topology generative methods, as in [55] could enlarge the space of
suitable form diagrams. From the nonlinear nature of the problem, the
optimisation is also prone to local minima, which can be reduced by
combining it with evolutionary methods, as in [42].

5. Discussion
The results presented allow an investigation of internal stress states
following small foundation displacements in no-tensile rigid materials,
such as masonry structures. The results suggest potential crack regions
arising at the onset of the motion activated by the settlements. Cracks
are indicated in the points where the network touches the boundary,
opposite to the intra- or extrados, as in the arch (Fig. 1), and by portions
in which the compressive forces in the network vanish, indicating
possible ‘‘wrinkle’’ fractures, or smeared cracks [13,53,54], as in the
dome (Fig. 3). For 3D problems, an indication of crack lines is provided
by connecting neighbouring vertices touching sectional limits.
The method, however, is limited to suggesting where cracks will
form, as the appearance of fractures also relates to the stereotomy of the
6
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In this paper, the search for admissible stress states in masonry
structures compatible with foundation settlements in equilibrium with
general loading conditions is performed by coupling Thrust Network
Analysis (TNA) with an energy-based criterion. This search is executed
through a constrained nonlinear optimisation problem in which the
objective function minimises the complementary energy. This paper
derives the complementary energy expression for a general network
in terms of force densities and support elevations. The expression is
then specialised in the case of the normal, rigid, no-tension material
(NRNT), where it is reduced to the minimisation of the opposite work of
the reaction forces. The problem is formulated and solved with interior
point methods whose gradient analytical expressions are also derived. A
novel python package named compas_tno has been developed to perform
the analysis enabling the assessment of vaulted masonry structures with
TNA.
The proposed methodology allows for searching among the infinite
admissible stress states, the ones compatible with the imposed displacements. It applies to three-dimensional structures subjected to vertical
and horizontal loads. By finding such compatible stress states, potential
crack regions arising at the onset of the motion can be identified.
Understanding the effects of foundation displacements in masonry is
important as it constitutes one of the primary reasons for damages and
collapse in such structures.
The merit of the present formulation is that the input required
is simple, and it provides a practical outcome to evaluate the mechanics of three-dimensional vaulted systems even when non-detailed
information is available because of constraints on time and budget.
Applications include investigating crack patterns for plausible foundation displacements or even the inverse analysis by searching among
different support displacements that best match the observed cracks
and distortions in the masonry. Further will focus on investigating
different form diagram topologies, especially those following existing
crack lines observed in damaged structures.
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