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This  paper  introduces  a new  computational  equilibrium  analysis  method  for unreinforced  masonry  vaults,
which  extends  Thrust  Network  Analysis  using  structural  matrix  analysis  and  efficient  optimization  strate-
gies. By  identifying  independent  states  of equilibrium  of  funicular  networks  with  any  topology  and  fixed
plan  geometry,  a robust  and  efficient  solving  algorithm  is presented  that allows  practical  limit  analysis
of  (historic)  masonry  vaults  with  complex  geometry  under  parallel  loading  conditions  by fitting  a  pro-
vided  geometrical  target,  e.g.  the  vault’s  mid  surface.  The  presented  framework  can  be  seen as  a strong
eywords:
nreinforced masonry vaults
imit analysis
quilibrium analysis
est-fit thrust network

foundation  for practical  equilibrium  analysis  of vaulted  masonry.
© 2013 Elsevier Ltd. All rights reserved.
hrust Network Analysis

. Introduction

Understanding the stability, or equilibrium, of unreinforced
asonry is of primary concern (Heyman, 1995; Ochsendorf, 2002).

he importance of equilibrium methods for the analysis of masonry
tructures, framed in an extensive historical overview, is provided
nd argued very clearly by Huerta (Huerta, 2001, 2004, 2008).
his paper presents an important further development of equilib-
ium methods for three-dimensional problems based on Heyman’s
lassic limit analysis that uses a no-tension model for masonry
Heyman, 1966). It continues work on discrete compressive force
etworks, called thrust networks by Block (Block and Ochsendorf,
007; Block, 2009) and Fraternali (Fraternali and Rocchetta, 2002;
raternali, 2010), solving the challenges in the former on control
echanisms and solving algorithm, and in the latter with respect

o singularities in the boundary conditions or the discretized equi-
ibrium surfaces. Fraternali (2010) gives a clear state of the art of
he relevant work of the limit analysis framework that served as

 base for both researches. Bigoni and Noselli (2010a,b) recently
onfirmed by means of photoelastic experiments that the statics of
ry masonry structures is governed by the formation of localized
orce networks. Many other analysis models have been proposed,
nd for an exhaustive and general overview of the state of the art of

pproaches to structural analysis of historic masonry constructions,
e also refer to Roca et al. (2010).

∗ Corresponding author. Tel.: +41 44 633 68 44.
E-mail addresses: pblock@ethz.ch (P. Block), lalorenz@ethz.ch (L. Lachauer).

093-6413/$ – see front matter ©  2013 Elsevier Ltd. All rights reserved.
ttp://dx.doi.org/10.1016/j.mechrescom.2013.11.010
Based on Block (2009) and Fraternali (2010), Vouga et al.
(2012) translated the thrust network approach (TNA) to compu-
tational geometry, proposing faster and more robust algorithms
than presented by Block and Lachauer (2011) to compute equi-
librium solutions that map a given target surface. The solving
algorithms for this problem have been further improved by
Liu et al. (2013) and de Goes et al. (2013) for triangulated
meshes. Panozzo et al. (2013) provided an extension to arbitrary
topologies.

This paper focuses on providing practical and structural insight
to funicular networks with arbitrary topology by identifying and
visualizing their force dependencies, or degrees of freedom (Block
and Lachauer, 2011). This structural insight, the key difference to
previous research, is furthermore used to develop an elegant solv-
ing algorithm to find a solution mapping a given height field best.
If this height field is the mid  surface of a non-cracked vault, than
this objective produces the 3D equivalent of Wrinkler’s “elastic”
thrust line (Kurrer, 2008) for the chosen discretization. This equi-
librium solution represents an admissible stress state for the vault
and furthermore provides a good lower bound on the geometric
safety factor (GSF) of the vault for uniformly distributed loading
cases. The geometric safety factor is defined as the ratio between
the thinnest possible vault geometry enveloping a thrust network
in equilibrium with these given loads, and the actual vault geometry
(Heyman, 1982; O’Dwyer, 1999). A particular objective of this paper
is to serve as foundation for an implementation of a robust, flexi-

ble and intuitive 3D equilibrium analysis framework for assessing
vaulted masonry. Block and Lachauer (2014) give applications for
the assessment of historic structures of the algorithms presented
in this paper.

dx.doi.org/10.1016/j.mechrescom.2013.11.010
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechrescom.2013.11.010&domain=pdf
mailto:pblock@ethz.ch
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This paper is structured as follows: in Section 2, the Force Den-
ity Method (FDM) is adapted for the use of limit analysis for
asonry, using the core concepts of TNA and insights from matrix

nalysis of structural frames; in Section 3, the computational setup
s illustrated, explaining the nonlinear search algorithms in detail;
n Section 4, the method is applied to the analysis of historic and
ontemporary vaults, demonstrating the power and potential of the
resented approach; and in Section 5, the results of this paper are
iscussed and future work identified.

. Equilibrium of funicular networks

To extend two-dimensional limit analysis using thrust lines
Heyman, 1995; Block et al., 2006) to three-dimensional problems,
dditional constraints of compression are added to a general three-
imensional force network.

.1. General force networks

Looking at a general network of m bars, called branches, pinned
n n = ni + nb nodes, with ni inner, or free, nodes, and nb boundary,
r fixed, nodes, its (3ni) equations of equilibrium can be written in
atrix form:

T
i Uq = px (1a)

T
i Vq = py (1b)

T
i Wq = pz (1c)

n which CT
i is the transpose of Ci, the sub-matrix consisting of the ni

olumns corresponding to the free nodes of the (m × n) branch-node
atrix of the network, C (Schek, 1974). px, py, pz are the component

ectors of length ni of the loads p applied to the free nodes. U, V, W
re the diagonalized matrices of the (branch) coordinate difference
ectors of size m, u, v, w, which are defined as:

 = Cx = Cixi + Cbxb (2a)

 = Cy = Ciyi + Cbyb (2b)

 = Cz = Cizi + Cbzb (2c)

ith x, y, z the nodal coordinate vectors of length n. q in (1a–1c)
s the vector of size m listing the force densities (Schek, 1974),
lso called tension coefficients (Pellegrino and Calladine, 1986) of
he branches in the network. These are defined as the ratio of
he axial branch forces, s, and the 3D lengths of the branches, l,
r equivalently, as the ratio of the horizontal components of the
ranch forces, i.e. the thrusts, sH, and the horizontal lengths of the
ranches, lH:

 = L−1s = L−1
H sH (3)

n which LH and L are the diagonlized matrices of lH and l, respec-
ively.

The equilibrium equations (1a–1c) are bilinear in u, v, w and
. To linearize these equations, the Force Density Method (FDM)
rescribes values to q (Linkwitz and Schek, 1971; Schek, 1974):
T
i QCx = px (4a)

T
i QCy = py (4b)

TQCz = p (4c)
i z

hich are thus only linear in x, y, z. Note that for Eqs. (4a–4c) to be
n equilibrium, the x, y will not necessarily stay fixed, i.e. will not
e the ones provided as input.
h Communications 56 (2014) 53– 60

2.2. Thrust networks

Because most (historic) masonry vaults have a heavy, dominant
self-weight, it is often sufficient for the static analysis to consider
vertical loads. It is furthermore often meaningful to keep the hori-
zontal projection of the laid-out network fixed during the analysis,
for example, to follow ribs in the structures.

Enforcing that the force network stays fixed in plan (x, y, and
thus also u, v, are known), for vertical loading (px = py = 0), the
horizontal equilibrium Eqs. (1a and 1b) can be written as

CT
i Uq = 0 (5a)

CT
i Vq = 0 (5b)

which is a linear system of equations in q. Solving (5) gives force
densities q that result in a horizontal equilibrium of a force network
which has the provided horizontal projection. These then allow lin-
earizing the vertical equilibrium Eq. (4c), and the nodal heights zi
of the free nodes can directly be computed, because as x, y is kept
fixed, pz can be computed for all nodes and is thus known:

zi = D−1
i (pz − Dbzb) (6)

with the (ni × ni) matrix Di = CT
i QCi and the (ni × nb) matrix Db =

CT
i QCb. If additionally all q are positive, then the resulting solution

from (6) is in compression-only.
For most network topologies, Eq. (5) does not have a unique

solution, and not all combinations of q will be valid solutions, or in
other words, not all force densities are free variables. To search for
thrust networks Gi, with a defined horizontal projection, called the
primal grid, �, that have certain properties, or optimize particular
objectives, two  particular challenges need to be solved:

• Identify a set of branches, whose force densities, qid, can be cho-
sen independently such that the resulting set of q(qid) satisfies Eq.
(5) for any choice of them. This will be addressed in the Section
2.3.

• Correlate these qid, the variables of the equilibrium problem, to
the unknown nodal heights zi of the free nodes, and relate them
to the chosen objective to be optimized. This will be addressed in
Section 3.

2.3. Static indeterminacy of thrust networks

The problem of dealing with the degrees of indeterminacy of
thrust networks with a given projection, i.e. understanding the
solution space of (5), will be addressed in this section.

In the case of vertical loading, these loads do not appear in the
horizontal equilibrium of G. The horizontal equilibrium of the thrust
network G can thus also be seen as a specific in-plane equilibrium
of GH, which is defined as the planar bar-node structure coinciding
with the horizontal projection of G. Inversely, each in-plane equilib-
rium of GH can be interpreted as a possible horizontal equilibrium
of a yet-unknown G, again for all loads vertical. For a given set of
applied loads p, each such in-plane equilibrium of GH corresponds
to a unique G, if its boundary conditions are given, i.e. the heights
of the fixed boundary nodes, zb.

Note that the TNA framework requires parallel loading cases,
of which vertical loads are a special case (Block, 2009). In the case
of vertical loading, one can simply refer to the vertical and hori-
zontal equilibrium, instead of the equilibrium in the direction of

the applied (parallel) loading and the equilibrium in a plane per-
pendicular to them in the case of parallel loading. Even though the
approach is thus more general, for simplicity of description and
notation, the case of vertical loading is considered in this paper.
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Fig. 1. The height deviation |zi − zM
i

| of the thrust network from the middle surface
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Noticing that GH is unloaded (5), the different in-plane equilibria
f the 2D bar-node structure are its different states of self-stress.
hese are indeed defined as distributions of equilibrating branch
orces that keep the geometry of the unloaded structure unchanged.
he number of states of self-stress of GH thus represents the degree
f structural indeterminacy of the 3D equilibrium network G with
rovided primal grid �. Pellegrino and Calladine (1986) provided a
atrix analysis algorithm to identify the states of self-stress (and

nextensional mechanisms) in frameworks. They explained that the
ranches associated to the nullspace of the equilibrium matrix A
epresent a possible set of branches whose force densities qid can
e chosen independently, which will be referred to as independent
ranches.

From (5), the (2ni × m)  equilibrium matrix A is obtained by writ-
ng the nodal equilibrium equations in the following form

q = p, A =
[

CiU
CiV

]
(7)

The dimension k of the nullspace of A is m − rA, with rA the rank
f A. The identification of a base of the nullspace can be done using
auss–Jordan Elimination (GJE) (Pellegrino and Calladine, 1986).
his base provides a possible set of independent branches. With
ach choice of force densities qid for these branches, a unique
tate of self-stress corresponds, i.e. an equilibrium which does not
hange the geometry of the unloaded 2D framework GH, or equiv-
lently keeps the plan layout, �, of G fixed.

Having identified the independent branches and after reorder-
ng the equilibrium matrix A and the force density vector q such
hat the last k elements correspond to these branches, the full set
f force densities q corresponding to that state of self-stress is then
ound as

 =
[

qd

qid

]
=

[
−A−1

d Aid

Ik

]
qid = Kqid (8)

n which the (2ni × m − k) matrix Ad and the (2ni × k) matrix Aid are
he submatrices of A corresponding to the dependent and indepen-
ent branches, and their respective force densities, qd and qid, and

k the identity matrix of size k. Except for axisymmetrical networks,
he (2ni × m − k) matrix Ad is square and non-singular, and thus
nvertible. A more general and robust formulation for the depend-
nt force densities qd is

d = −A†
dAidqid (9)

ith A†
d the generalized inverse or Moore–Penrose pseudo-inverse of

d.
In this paper, positive axial branch forces, s, are considered

ompressive. From (3), it is thus clear that all q need to be con-
trained to be positive in order to guarantee that they correspond
o a compression-only state of self-stress for GH. There are some
equirements on the topology and geometry of GH and �, but the
eader is referred to Ash et al. (1988) and Block (2009) for these.

.4. Relation to reciprocal diagrams

In Thrust Network Analysis (TNA) compression solutions were
uaranteed by constructing allowed compression reciprocal force
iagrams (Block, 2009). The geometrical information of these recip-
ocal grids, �*, which described possible horizontal equilibria of G,
llowed linearizing Eqs. (1a–1c) and (4) by measuring the lengths
f the corresponding reciprocal branches, l∗H:

−1 −1 ∗

 = LH sH = LH lH (10)

n which LH is the diagonalized matrix of lH, listing the lengths
f the branches of the primal grid �. As shown in Block (2009) and
ouga et al. (2012), these reciprocal branch lengths are furthermore
of  the vault: (a) the vault’s intrados, (b) extrados, (c) its mid surface, and (d) the
thrust network.

proportional to the dihedral angles along the corresponding edges
of the polyhedral stress functions (Fraternali et al., 2002; Fraternali,
2010).

3. Computational algorithm

For three-dimensional networks, obtaining equilibrium solu-
tions for a given masonry vault with complex geometry, i.e. finding
a compressive solution in equilibrium with the given loads that
stays within the vault’s section (Heyman, 1995), is not a straight-
forward task, because of the high degree of static indeterminacy of
such models. Put simply, rather than having one horizontal thrust
to consider, as in planar structures such as an arch, these networks
have highly dependent combinations of thrusts in their elements. It
is important to control all these parameters to perform an effective
search.

The optimization algorithms presented in this section extend
the Force Density Method (Schek, 1974) using new insights pro-
vided by Thrust Network Analysis (TNA) (Block, 2009) and matrix
analysis of structures (Pellegrino and Calladine, 1986). Based on
the new approach for identifying the force dependencies between
branches in equilibrium networks (Section 2.3), an efficient opti-
mization routine will be presented that allows finding best-fit
thrust networks with a prescribed horizontal projection and given
loading to a target surface.

The problem is formulated as finding the least-squares “best-fit”
thrust network to the mid  surface of the vault (Fig. 1):

f (zi) = ‖zi − zM
i ‖2

(11)

with zM
i = (zI

i + zE
i )/2, zI

i and zE
i being the vault’s intrados and

extrados heights fields for the free nodes of the primal �. Addi-
tionally, one needs to enforce that all q are positive to guarantee a
compression-only solution.

The key steps in the nonlinear solving algorithm, also repre-
senting the parts of the software implementation, can be divided
into three stages: pre-processing steps (see Section 3.1), the best-
fit solving (see Section 3.2); and the computation and visualization
of results.

3.1. Pre-processing steps

The input for the algorithm is a set of connected lines, drawn
in plan, representing the force pattern, and two surfaces SI and SE,
representing the intrados and extrados of the vault. In some cases,
e.g. for design applications, it is more useful to directly provide SM,
the mid, or target,  surface.
As � stays unchanged in the nonlinear optimization, the com-
putations related to the topology and geometry of the primal grid
can be performed separately first.
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.1.1. Construct data structure
From the line input, an efficient procedural algorithm has been

mplemented to construct the primal grid � as a directed graph,
nd its branch-node matrix C, from which then also directly the
ual branch-node matrix C* can be constructed (Block, 2009).
sing �, SI and SE, the bounds zI

i and zE
i , and thus also zM

i , are
omputed.

.1.2. Generate centroidal dual
The (centroidal) dual of the spatial network, which is obtained

y projecting the nodes of � onto the target surface, defined as the
id  surface of the vault, zM

i , is computed. This dual will be used to
pproximate the self-weight of the vault (see Section 3.1.3), and as

 starting point for the nonlinear optimization (see Section 3.2.1).
he (n* × n) face-node matrix F is introduced, which is obtained as:

ij =
{

0 if (|(C∗)T||C|)ij = 0

1 otherwise
(12)

Notice that the ith row of F indicates the nodes around face i
f the primal grid � and thrust network G and the jth column the
aces around node j. The centroidal dual coordinates are then

D = SF−1Fx, yD = SF−1Fy, zD = SF−1FzM. (13)

ith SF the diagonalized matrix of sf,  the vector of length n with
s entries the number of faces around the primal nodes, which
s obtained by adding up the elements of each column of SF,  i.e.
fj =

∑
iFij.

.1.3. Generate loading
Since the optimization searches for the best-fit solution to a

iven target surface, a good approximation of the 3D tributary area
or generating the lumped nodal loads is to take the dual 3D area
ssociated to that node by connecting the centroids of the faces
round that node. If the solution is far off from the target surface,
hen this calculation could be included in the parameter search
nstead, which would of course slow down the search algorithm
ignificantly.

For this step, one can readily use the centroids computed in (13)
o calculate the tributary areas, and with the thicknesses d of the
ault at each node, the approximate load p due to the self-weight
f the vault is found. Additional applied loading can also be added,
s long as these are also vertical.

.1.4. Identify degrees of freedom
With the matrix analysis given in Section 2.3, a possible set of

ndependent branches is identified, whose force densities, qid, are
he k independent parameters of the problem. Having identified
hese branches, it is practical to reorder the equilibrium matrix

 and the force density vector q such that the last k elements
orrespond to these branches. The key matrices related to the
nput geometry and topology, such as A, K, D−1

i . . .are computed
n advance.

The GJE algorithm is computationally an expensive pre-
rocessing step, and limits the size of the networks that can be
andled. This upfront cost is acceptable though as it heavily reduces
he number of variables of the problem (see examples in Section
), allowing for an efficient and robust solving strategy for the
onstrained nonlinear problem described next.
.2. Find best-fit solution

Finding the best-fit solution for a thrust network with fixed pro-
ection can, as mentioned above, be reduced to finding the set of qid
h Communications 56 (2014) 53– 60

that minimizes the global objective (11). As these variables do not
explicitly appear in the objective function, this problem is solved
using a black-box function which allows describing the objective
function implicitly as a function of the variables (Section 3.2.2).
Even though this constrained least-squares problem is nonlinear
and non-convex, it can be solved efficiently with a black-box solver
that uses a quasi-Newton search method, and by providing the gra-
dient vector ∇f of the objective function in closed form (Section
3.2.2). Because of the non-convexity of the problem, it is important
to use a good starting point for the search (Section 3.2.1).

3.2.1. Generate starting point
Finding a starting point for the nonlinear optimization happens

in two  steps:

• generate a set of force densities for the independent branches,
qid,0, that results in positive (proportional) force densities, q0,
and hence a compression solution; and

• scale these qid,0, using the vertical equilibrium equations, such
that the best-fit thrust network is obtained for the distribution of
the generated set, considering the loads p and the target heights,
zM.

A set of q that satisfies Aq = 0, together with the additional
inequality constraints that q ≥ 0, corresponds to an in-plane com-
pression equilibrium of GH, and thus also to a possible horizontal
equilibrium of a compressive thrust network G. Using (8), such a
set can be found with the following quadratic programming (QP)
problem:

min
qid

‖AKqid‖2 +
∥∥LHKqid

∥∥2

subject to Kqid≥0

b1 = 1

(14)

The second term in the objective of (14) is a regularizer that
minimizes the horizontal force components sH (= l∗H = LHq), which
we observed to generate symmetrical force density distributions
for symmetrical primal grids, und thus also in reciprocal grids. The
additional equality constraint in (14), which gives a value to one
of the independent force densities, e.g. a value of 1 to the first one,
has to be included to avoid the solution to collapse to the trivial
solution, qid = 0. It effectively also removes the degree of freedom
of the global scale of the force densities, respectively the resulting
reciprocal.

It is typically useful to provide the “force densities” generated
from the centroidal dual as a starting point for the QP problem in
(14) as we observed that the optimization then converges faster. So
from (13), this starting point is

qD = L−1
H lD,H (15)

with lD,H =
√

(CxD)2 + (CyD)2.
Using (8) and the resulting qid,0 from (14), all q0 can directly be

found. These are only defined up to a scale factor, i.e. one can have
the same distribution of force densities, but then with a different
magnitude that also satisfy the constraints. To have a good starting
point for our nonlinear best-fit problem, the obtained q0 need to be
scaled to fit the target surface as well as possible. This can be done
using the following least-squares problem with linear constraints:

min
z,r

‖z − zM‖2
subject to Drz − rp = 0

r > 0

(16)
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ith Dr = CT
i Q0C. The optimization problem (16) thus provides the

cale r of the compression force densities obtained in (14). The
tarting point for the nonlinear optimization, qid,1, is thus

id,1 =
(

1
r

)
qid,0 (17)

.2.2. Solve nonlinear problem
The problem to be solved is

min
qid

‖zi(qid) − zM
i ‖2

subject to D(qid)z(qid) = p

Kqid≥0

(18)

hich cannot be solved directly, as the unknowns zi are not vari-
bles, but rather a function of qid, which do not appear in the
bjective function. This optimization is thus solved using a black-
ox function that computes the objective function f(zi(q(qid))) in
everal steps:

id → q → zi → f (19)

here the first two steps are linear transformations, and the last
tep involves taking the norm. These steps, computed at each iter-
tion, can be solved quickly. The black-box objective function is

 (qid) = zT
i zi − 2(zM

i )
T
zi + (zM

i )
T
zM

i (20)

nd the gradient vector of size k, ∇f(qid), provided analytically using
Block, 2009; Van Mele and Block, 2011), is

f (qid) = −2(D−1
i (DiZi + DbZb)K)T(zi − zM

i ) (21)

n which Zi and Zb are the diagonalized matrices of zi and zb, and
sing zi = D−1

i (pz − Dbzb) in both (20) and (21).
Having obtained the full set of balanced force densities q of

he resulting thrust network, and using that u* = C*x* and v* = C*y*,
he dual coordinate vectors x* and y* are obtained by solving the
ollowing linear problem:

(C∗TC∗)x∗ = C∗TUq,

(C∗TC∗)y∗ = C∗TVq.
(22)

Discrete thrust networks allow the user to clearly visualize
he possible force paths in the vault, and by using reciprocal dia-
rams, to determine a satisfactory distribution of internal forces.
iscrete reciprocal force diagrams are graphical and intuitive, and

heir visual nature allows a graphical verification of the process
Maxwell, 1870), e.g. a compression-only reciprocal grid is com-
osed of only convex polygons. The solutions can be checked more
asily than numerical or arithmetic methods, and the method is
ery transparent.

.3. Prototype implementation

The computational approach, described in the previous sections,
as been implemented in Matlab (The Mathworks, 2012a), using
he Optimization Toolbox (The Mathworks, 2012b):

quadprog and lsqlin are used for the quadratic programming
(QP) and least-squares problems in Section 3.2.1; and
fmincon’s interior-point method is used for the nonlinear opti-
mization problems in Section 3.2.2.
Custom scripts have been written for Rhinoceros (Rutten, 2007)
o read in the line and surface input, and to visualize the results,
oth thrust network and reciprocal diagram.
h Communications 56 (2014) 53– 60 57

4. Applications

This section shows and discusses results of the presented best-fit
algorithm. The approach has relevant applications for equilibrium
assessment of masonry vaults, but also design of funicular shells
in general. For both categories of applications, vertical loading is
appropriate: for the analysis of historic masonry vaults, their self-
weight is typically the dominant loading, and in structural design
of shells, only dead load is typically considered during form find-
ing. In Section 4.1, the geometry of the sophisticated nave vaults of
the Jerónimos monastery are used as case study of an equilibrium
analysis of a complex vault; and, in Section 4.2, a thrust network is
found that approximates a freeform input geometry, and the impor-
tance of force pattern topology is demonstrated for the example of a
funicular shell with an applied point load, demonstrating a general
strategy to assess the stability of funicular vaults under live load.

4.1. Complex Gothic vault geometry

This case study is based on the nave vaults of Jerónimos, finished
around 1499 (Fig. 2a). From plans and sections, complemented
with photographs and a photogrammetric survey (Monteiro Genin,
2001), a simplified 3D model of the intrados of the vaults was made.
The rib pattern and the vault’s stereotomy, then served as guide to
draw a force pattern (Fig. 3a), defined such that it connects most
stones perpendicular to their cut edges. It has 2676 branches and
1467 nodes. The problem is reduced to 208 variables, which are the
independent branches, showing that this is a highly indeterminate
problem. With the current prototypical MatLab implementation,
the best-fititng thrust network (Fig. 3c) was found in less than
half an hour, demonstrating that intricate network topologies and
complex vault target geometries can be solved within reasonable
time.

Assuming a constant thickness of 15 cm for the vaults, a lower
bound on the geometric safety factor of only 0.34 is found, hence
suggesting that the vaults would not be stable. The real vaults
though have varied thicknesses, different levels of vault infill, and
a grid of diaphragm walls on top of the vaults, which support the
roof structure (Lourenç o et al., 2007). Our approximate model fur-
thermore did not include the significant deformations and possible
cracks.

This example nonetheless serves as a demonstration of the
potential and relevance of the presented algorithm as a base for
advanced funicular analysis of complex masonry vaults. Examples
of applications for the assessment of historic structures are pre-
sented in Block and Lachauer (2014).

4.2. Analysis of non-funicular loading

The prototype of a “free-form” unreinforced tile vault, built in
2011 at ETH Zurich, Switzerland (Davis et al., 2012) was used as
starting geometry (2b). The best-fit algorithm was  first tested to
reproduce the same thrust network, respectively reciprocal (force)
grid, for the primal grid used in the form finding process (red solu-
tion in Fig. 4c), taking into account the self-weight of a vault of
uniform thickness. Next, a point load was added with a magni-
tude of a tenth of the total self-weight of the shell with an average
thickness of 12 cm.

O’Dwyer (1999) showed very clearly, using a simple barrel vault
with a point load, that the network topology has to be dependent on
the loading case to be analyzed. Indeed, the pattern used to explain
the stability, and in this case also to obtain the shape of the vaulted

structure under self-weight, is not necessarily a good pattern to
explain the vault’s stability for a loading other than the design load.
Using a similar approach, the original force pattern (Fig. 4a, top) is
combined with a radial pattern for the point load (Fig. 4b, bottom).
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Fig. 2. a) Nave vaults of the Monastery of Jerónimos, Lisbon, c. 1499 (Photo by Bert Kaufmann); and b) prototype of a “free-form” unreinforced tile vault, ETH Zurich,
Switzerland, 2011 (Photo by Klemen Breitfuss).

Fig. 3. (a) Primal grid, directly using the rib layout and stereotomy of the vaults; (b) the resulting best-fit reciprocal (force) grid; and (c) axonometry of the target surface,
constructed from documentation, and the best-fit thrust network with pipes proportional to the axial forces in the branches.

Fig. 4. For the original pattern used in the form finding (top), and with the overlaid radial pattern (bottom), respectively: (a) primal grid, and (b) reciprocal grid of (c) the
resulting best-fit solution, considering both self-weight and point load.

Table 1
Results of the comparison between the best-fit of the combined uniform and point loading using (a) the original primal grid and (b) the primal grid with the overlaid radial
pattern.

pattern m ni k iter f / ni[mm2] |z − zM |max[mm] |z − zM |aver [mm] t [s] GSFlower

Original 525 261 6 41 133 456 34 23.339 0.18
Overlayed 632 308 18 140 93 106 18 32.758 0.56
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ote that only radials are chosen that locally do not go up from the
pplication point. When applying the primal grid used for the form
nding of the funicular vault, the resulting best-fit thrust network

or the combined loading (piped solution in Fig. 4c, top) is far off
f the target (red line solution in Fig. 4c, top). The best-fit solution
or the superposed pattern is visibly much better (Fig. 4c, bottom),
howing the importance of informed primals, as can also be seen
y the improved fitting results in Table 1.

. Discussion and future work

As shown through the example applications in the previous sec-
ion, the presented method forms a good basis for limit analysis of

asonry vaults with complex geometry. Especially the speed of
nding equilibrium solutions for sophisticated vaults makes the
pproach appropriate and useful for practical applications, where
ime and budget constraints often do not permit the time-intensive

odeling and analyzing of nonlinear finite element or discrete ele-
ent models. The input is furthermore very straightforward, and

llows to easily/manually incorporate singularities in both loading
point loads) and boundary conditions (non-properly supported
dges). The visual and intuitive control and feedback of the pre-
ented framework furthermore make its results easy to interpret.
oth latter points are additional key aspects for practical applica-
ions.

The method can furthermore be applied for design tasks by solv-
ng the inverse problem of fitting a compression-only solution to

 target surface, which allows the optimization of the shape of an
ntended vault geometry (Block and Lachauer, 2011).

The presented algorithm is based on structural knowledge, more
pecifically, the identification of independent branches (these are
he only branches whose force densities can be chosen freely) for a
rovided, fixed horizontal layout of a thrust network. This not only
ives the user insights on the dependencies of a chosen pattern with
espect to the corresponding, possible equilibria, particularly when
isualized and thus made explicit (see e.g. Block and Lachauer,
011). We  argue that this aspect is important to contribute to
he practicality of a discrete force network approach as it clarifies
hy certain force topologies can never work well to assess cer-

ain geometries. More importantly, it also allows a more direct and
ffective search. This is in contrast to other, brute-force methods,
uch as in Vouga et al. (2012), Liu et al. (2013) and Panozzo et al.
2013) that use two-step iterative algorithms to deal with these
onstraints and dependencies. As a consequence, these not always
mprove at each step, which is guaranteed in our method.

The example in Section 4.2 illustrated that the outcome of the
ethod strongly depends on the layout (topology and geometry) of

he primal grid. Therefore, a general strategy for generating appro-
riate primal grids to assist the analyst would be helpful. A first step

n solving this problem is provided in Panozzo et al. (2013), but a
eneral strategy should not only take into account the vault’s geom-
try, but also the loading case, as well as properties of the measured,
eal geometry, including the vault’s stereotomy or observed struc-
ural pathologies, such as cracks, hinge lines or holes. The low lower
ounds on the GSF furthermore showed that the current objective
oes not provide good estimates for non-uniform live load cases,
nd that the objective function will need to be modified to measure
eviations normal to the target surface, and furthermore minimize
he maximum (absolute) deviation.

With the current set-up, open cracks could be taken into account
y not having branches that cross this zone, in which case it is
mportance to be able to keep the horizontal projection of the
orce pattern fixed, an inherent property of the presented approach.
racks that form hinge lines could be taken into account by forc-

ng the crossing branches to go through the contact zones by setting
h Communications 56 (2014) 53– 60 59

bounds on the nodal heights of the thrust network along the cracks.
Currently, these bounds cannot be enforced as hard constraints, but
only as soft constraints by adding weighting factors to these nodes
in the objective function (11). The integration of hard constraints,
but also e.g. the extension to non-parallel loads will be addressed
in future research.

6. Conclusion

This paper presented an algorithm for obtaining the best-fit
thrust network for a provided, fixed horizontal projection to a
target surface. Through examples, the power and potential was
shown of the robust and efficient solving algorithm, which uses the
dependencies of the force densities of such constrained networks.
This new solving method allowed finding best-fit thrust networks
for masonry vaults with complex geometry, under given vertical
loading cases, providing admissible stress states for them. The pre-
sented framework, which extended Thrust Network Analysis using
matrix analysis and efficient optimization strategies, can be seen
as a strong foundation for fully three-dimensional and practical
equilibrium analysis of vaulted masonry.
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