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Abstract. In most historic masonry structures, curved geometries, such as arches or vaults, are
key structural components to the overall building stability. Therefore, it is crucial to assess their
safety level with respect to changes in the boundary conditions (increased loads or settlements).
If the safety level of the structure needs to be enhanced, a strategy to intervene and retrofit
structural members is represented by the use of Fabric Reinforced Cementitious Matrix
(FRCM) systems. These types of externally bonded composite materials, made of high-strength
textiles embedded in inorganic matrices, are proven to be a particularly advantageous
strengthening solution for curved masonry structures. Even though limit analysis approaches
such as Thrust Network Analysis (TNA) have been widely used to assess structural stability,
their use in a retrofitting framework is seldom explored. This paper proposes an automated
procedure to design the FRCM reinforcement required in masonry structures based on an initial
TNA assessment analysis. To perform these analyses, a nonlinear programming problem is
implemented and solved to compute the minimum reinforcement required for stability. These
quantities are then used to design the FRCM reinforcement according to existing regulations.
Finally, the load-bearing capacity of the reinforced structure can be re-evaluated for different
load cases ensuring that the structure is safe. The effectiveness of the proposed approach is
benchmarked against laboratory tests and demonstrated on arched structures.
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1 INTRODUCTION

Repair, or retrofit, existing masonry structures is sometimes required to restore the strength
of damaged structural elements or to upgrade their original strength following a repurposing,
with different load conditions etc. Nowadays, several techniques have been proposed as
retrofitting solutions such as externally bonded reinforcements made of high strength textiles
embedded in inorganic matrices. For this type of strategy, the textile adopted can range from
natural materials such as basalt or glass to steel wires. They are better known as Fabric
Reinforced Cementitious Matrix composite systems (FRCM) and have been studied as a
reinforcing strategy for masonry structures in [1, 2, 3].

Indeed, several experimental campaigns have been carried out to determine the mechanical
properties of FRCM systems applied with and without substrate [4, 5, 6, 7]. These systems
proved to be a promising and effective solution in the construction field, designed by following
existing regulations [8] and also approaches available in the literature [9, 10]. Nevertheless, the
integration and design of FRCM systems for 3D structures is still an open topic, which needs
to be explored.

As for the assessment of existing masonry structures, Heyman [11] shows that Limit
Analysis can be applied given that three key assumptions are considered: no tensile strength,
infinite compressive strength and no sliding. Nowadays, 3D approaches based on the lower-
bound theorem of limit analysis have been developed, such as Thrust Network Analysis [12,
13] which uses a compressive network, or the Thrust Membrane Analysis [14] as well as the
ones presented in [15, 16, 17, 18, 19, 20].

In this framework, the present paper provides with a strategy to retrofit masonry 2D curved
structures adopting FRCM systems. To compute the minimum amount of reinforcement
needed, an optimisation procedure of thrust network analysis is implemented. The optimisation
procedure allows the thrust network to go outside the thickness, both at the intrados and
extrados, by adding a virtual additional thickness as a variable of the problem as in [21]. In this
way, the output of the optimisation can be used to compute the amount of FRCM needed. The
hypothesis of simultaneous rupture of the FRCM and masonry in a cross-section analysis is the
starting point for the design of the quantity of reinforcement needed.

To validate this strategy, two case studies have been considered. First, the circular arch tested
in [22, 23] reinforced with a PBO-FRCM either only in the intrados or in the extrados surface.
Second, the barrel vault with buttresses and filling tested in [24] is revisited, strengthened with
a basalt-FRCM.

2 THRUST NETWORK OPTIMISATION

2.1 Thrust Network Analysis equilibrium

Thrust Network Analysis (TNA) [12, 25] is an equilibrium method that allows for finding
admissible stress solutions in masonry vaulted structures. With TNA, the internal stresses of
masonry structures are modelled as a connected network, with axial forces in the edges and
loads applied to its nodes. We assume a network with m edges and n vertices, being n: free and
n, fixed vertices. The statical variable controlling the forces in the network is the edge's force
density, stored in the vector g [m x 1]. After [26], the force density of an edge is defined as the
ratio among the axial force in the edge and its length.



R. Fugger, R. Maia Avelino, A. lannuzzo, P. Block and G. De Felice.

Following the formulation of [13, 27], the horizontal projection of the networks studied in
this work is assumed to be fixed and is named form diagram. This reduces the indeterminacy
of the problem, consequently reducing the number of free variables describing the internal
equilibrium of the network. As such, only the force densities of the k independent edges are
taken as variables and a vector of force densities is retrieved through the linear mapping:

q = Bq;y + d, with: B = [#:m],d = [@], )
in which, E [2n: x m] is the horizontal equilibrium matrix (see [13]), p. [2n: X 1] is the vector
storing horizontal forces applied to the internal nodes, I.[k x K] is the identity matrix of size k,
and the subscript "d" and "id" corresponds to the slicing in the dependent and independent
edges, respectively.

Following this formulation, the free elevations of the network are computed in terms of the
independent force densities g. and the height of the supports z,

2:(qia 2p) = (C7QCH (i — (€T QCH)z)) @
in which p.. [n x 1] is the vector storing vertical forces applied to free nodes, C is the well-
known connectivity matrix [26] and Q = diag(q).

2.2 Admissible Thrust Networks for Masonry Structures

From the infinite spatial networks with fixed form diagram arising from the methodology
described, only the ones respecting Heyman's limit analysis criterion are considered admissible
to masonry structures. From Heyman's assumptions, limit analysis can be applied to masonry
structures given that (i) compression strength is assumed infinite, (ii) tensile strength is null and
(i) no sliding occurs. As highlighted in [13], these assumptions translate into compressive
forces in the thrust networks (Eg. 3.1) and in enforcing the heights of the network within the
envelope of the masonry described through elevations z'B; for the intrados and zY8; for the
extrados (Eqg. 3.2).

q;: <0 for i=1[1,2,..,m], (3.1)

7z <z, < z/® for i=1[1,2,..,n], (3.2)

In [4], this criterion is coupled to optimisation algorithms to find admissible stress states
minimising and maximising horizontal thrust and also maximising the geometric safety factor
(GSF). In [27], this framework is applied to compute the GSF of parametric groin vaults.

2.3 Increasing capacity considering virtual thicknesses

When the optimisation search described in Section 3.2 does not find any solution (i.e., the
problem is infeasible), the structure analysed cannot be considered safe from a lower-bound
limit analysis standpoint. This might occur, e.g., when the thickness of the structure is
insufficient, or an extreme external load is imposed. In this paper, we focus on the latter, and
we introduce a strategy to increase the space of admissibility of the problem by virtually
increasing the structural thickness, as in [21]. This additional thickness is provided by the
addition of FRCM reinforcement in critical locations and following a specific layout.

Numerically, this reflects in a new nonlinear optimisation problem (NLP) solved by
introducing 2n variables representing virtual additional thicknesses tV8; and t'B; effectively
increasing the allowable thickness to node i of the network in the extrados and intrados
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respectively. The objective of the optimisation is then the minimisation of the additional virtual
thickness (in the least square sense). The complete optimisation problem is presented below.

L UBN2 LBY2
BB 2,4 ) -
L
subject to q; <0 for i=1[1,2,..,m], (4.2)
ZiLB_tiLBSZiSZiUB'l'tiUB for i=[1121-"!n]! (43)
tlB >0, for i=11,2,..,n] (4-9)

The optimisation problem presented in Eq. 4 is solved with interior point methods [28]. The
starting point is the well-known load-path optimisation, as in [21]. Gradient and Jacobian
matrices are provided analytically to the solving engine. The implementation is carried through
the python package compas_tno [29] developed to perform assessment of vaulted masonry
structures.

Having computed the minimum additional thickness required and the distribution of this
additional thickness in the footprint of the masonry vaulted structure, the amount of
reinforcement can be calculated as described in Section 4.

3 DESIGN OF THE REINFORCEMENT

3.1 Cross-section analysis

The first estimation of FRCM reinforcement needed is provided using a limit analysis
approach [8]. It is assumed that both FRCM, in tension, and masonry, in compression attain
their maximum stress, neglecting any strain compatibility, as represented in Fig 1. Hence, the
resultant internal forces Fr and Fr exerted by the reinforcement and the masonry respectively
can be evaluated as follows:

(5.1)

(5.2)

Fr = fraAy,
Fn = §fmBeuB.

Where:

e Atis the area of reinforcement needed,

e fq is the design tensile stress of the FRCM considered;

e the product between & and fn, is the compressive strength of masonry over a depth 8 cy;

e B is the width of the cross-section.
The neutral axis depth is provided by the equilibrium equation for the current axial load N,
according to Eq. 6:

F;+N=F, (6)

By solving Eq. 7, which equals the resistant moment of the reinforced cross-section and the
bending moment M, the minimum amount of reinforcement needed is given by Eq. (8):

t cy

Ff§+Fm(E—7)=M, @
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1 2M
Afmin=f— ¢—N+j¢2—¢N—T> ®)
fa

Where i = Btéf,, and t is the thickness of the cross-section.

j“

E€m

%1" Neutral axis d(t,,) ]I. 1

’t
I v .
B

Figure 1: Cross-section assumed showing the compressed masonry and the FRCM reinforcement applied. The
strain and stress profile and the internal forces in the cross-section are highlighted.

3.2 Cross-section identification

In 2D structures such as arches, it is straightforward to consider the nodes of the thrust as
joints of the masonry composing the structure. Therefore, as represented in Fig. 2, the cross-
sections can be identified as perpendicular to the middle line of the masonry. More specifically,
they are placed in the intersection between the middle line and the vertical line associated with
each node of the thrust line. Hence, the directions either perpendicular (n) or parallel (¢) to the
cross-section are defined (see nx& coordinate system in Fig. 2) and so the forces and bending
moments can be evaluated in order to calculate the minimum amount of reinforcement needed
as described in Section 3.1.

Node i

Node j

Thrust line

Cross-section

Extrados

Middle surface

Form Diagram

Intrados

Figure 2: Longitudinal view of a thrust line (red) outside of the extrados of the curved masonry structure
showing the cross-section identification (blue) and highlighting the additional virtual thickness (tui) at node i.
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Each node is subjected to its self-weight and the thrusts of the edges arriving at the node (p., f;,
f. shown in Fig. 3a. In order to evaluate the normal force acting into the cross-section, the thrusts
of the two edges converging into the node (f,, f.) are projected in the nx& system, hence N, and
N. are defined. They have different intensities, since there is a discontinuity due to the fact that
the equilibrium is not being made along the horizontal direction. To overcome this problem,
the norm force which will provide the higher amount of minimum reinforcement is considered
for the reinforcement calculation.

On the other hand, the bending moment is simply evaluated as the product between the
horizontal force acting into the node and the distance of the node from the middle surface. The
horizontal force f. is again evaluated by the horizontal projection of the thrusts f;, f.. While the
distance considered in the calculation of the bending moment is the sum between the virtual
additional thickness needed in that node t.. and half of the thickness of the structure (t/2), see
Fig. 3c. The aforementioned evaluation of the bending moment results to be more consistent
within the general TNA approach where all the horizontal forces are in equilibrium and, also,
uses directly the output of the optimisation procedure described in Section 2.

Node i Node i Node i

¢ ¢ i i

at 7= a8

l":, t “".
\ \

a) b) <

Figure 3: a) forces acting into node i; b) projection of the thrusts to identify the norm force acting in the cross-
section; c) horizontal force in the node and distances to be considered in the evaluation of the bending moment.

4  APPLICATIONS

In order to apply the presented strategy, two case studies are studied, first a simple arch
tested in [22, 23] and second, a buttressed arch tested in [24].

4.1 Simple arch

The geometry of the arch tested in [22, 23] is schematically represented in Fig. 4. It has a
span of 1500 mm, an intrados radius of 866 mm, a rise of 432.5 mm, a thickness and an out-of-
plane width of 95 mm. Three types of tests were performed: unreinforced arch, reinforced arch
with PBO-FRCM composite either applied in the whole intrados and extrados. Each arch was
loaded at a distance of 375 mm from the left abutment and the reached average peak load was
1.0 kN when unreinforced, 5.4 kN when reinforced at the intrados and 4.9 kN when reinforced
at the extrados. As for the reinforcement used, a bi-directional PBO textile (11x11 mm? grid-
spacing) is embedded in a cement-based mortar. The design thickness is 0.014 mm and the
tensile strength is 5700 MPa, hence the area of FRCM applied is 1.33 mm? distributed over the
out-of-plan width.
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Point of application
of the load

Extrados

Figure 4: Geometry of the arch tests in [22, 23] highlighting the point of application of the load.

Fig. 5 shows the amount of reinforcement needed in each cross-section, Anum, Which
correspond to each node of the form diagram as explained in Section 4.2, and the amount of
reinforcement applied during the experiment Aexp. More specifically, Fig. 5a represents the arch
loaded with 5.4 kN allowing the thrust network to go outside of the extrados, hence, only tu is
a parameter of the optimisation procedure. On the other hand, in Fig. 5b the arch is loaded with
4.9 kN and the thrust can go only outside of the intrados, meaning that only ti, is allowed. It can
be appreciated from both cases that the minimum amount of reinforcement obtained applying
the presented procedure well approximates the real amount of reinforcement. Especially, when
only tu is allowed, the loaded node and the corresponding cross-section returns the same area
of FRCM applied in the experiments (-1% of difference), while in the second case the difference
in the most critical cross-section is about -22%.

/ ’ A G A
/ /

A
[mm?] 4
12

08 /

” Anum

12 A,
y

A [mm?]

a) b)

Figure 5: Minimum amount of reinforcement needed when the average peak load reached when a) the FRCM is
applied at the intrados, 5.4kN; b) the FRCM is applied at the intrados, 4.9kN.

10
08
04
0z

Node i

4.2 Buttressed arch

The frontal view of the barrel vault with buttresses and filling, tested in [24], is schematically
represented in Fig. 6a. The arch has a span of 2790 mm, a height of 650 mm and a thickness of
55 mm. The out-of-plane width is 500 mm for the arch and 120 mm for the buttresses. As well
as for the simple arch case study, three types of tests were carried out: unreinforced arch,
reinforced arch with basalt-FRCM composite either applied either in the intrados and extrados
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surface. The additional load is applied at a distance of 906 mm from the right abutment. This
experimental campaign provides either the load when hinges are activated, Pn, or the peak load
reached during the tests, P.. The load activating the hinges is around P1=4.0 kN, P4-2=5.6 kN
and P4“®=8.0 kN when the arch is unreinforced, reinforced at the intrados and reinforced at the
extrados respectively. While, the peak load is equal to P.=5.9 kN, P *8=10.1 kN and P "B=14.1
KN respectively in the same three cases as above. The FRCM used is a bi-directional basalt
textile with 9x9mm? grid-spacing embedded in a lime-based mortar. The design thickness is
0.064 mm and the ultimate strength is 390 MPa, hence the area of FRCM applied is 32 mm? in
the entire width of the arch.

Paint of application Point of application
of the Ioad of the load

Filing l" n [ W\ R AT l-

a) b)

Figure 6: a) Frontal view of the barrel vault with buttresses tested in [24], as well as the first geometry
considered in the analyses; b) second geometry considered in the analyses.

o] - " ;o
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Figure 7: Minimum amount of reinforcement needed when P is applied, considering the first geometry a) and
b), and considering the second geometry c) and d). FRCM applied at the intrados and loaded with P.'® = 10.1kN
a) and c). FRCM applied at the extrados and loaded with P, Y8 = 14.1kN b) and d).
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Since this case study presents a more complex structure, two different geometries have been
considered in the application of the presented strategy. The first one considers the entire arch
modeled together with the buttresses as structural elements (Fig. 6a), meaning that the thrust
can move into them. While, the second one is the shallow arch in between the two buttresses
and is depicted in Fig. 6b. In both cases, the filling is also considered with a specific weight of
12.5 KN/m?, and added ad a weight to each node of the form diagram.

Fig. 7a and b show the results of the applied strategy when the first geometry is considered
and the values of P are applied. Fig. 7c and d show the results when the same loads are applied
to the second geometry. It can be noted that in all cases, Anum Obtained presents deviations from
the amount of FRCM used in the experiments. It has been observed that the amounts calculated
are higher than the quantities applied. A reason for such over-conservatism can be the fact that
the structure, when the peak load is reached, presents a 3D behaviour that cannot be neglected
by modelling it as a 2D arch. Moreover, the external loads in the models are applied to a sole
node, a while distribution among neighbour nodes would also be considered.

Following, the load which corresponds to the creation of the hinges has been applied to the
same two geometries and the results are shown in Fig. 8. As expected, in these analyses, Anum
is reduced, as the loads are smaller, and they fall under the real amount of reinforcement applied
in three of the four cases. The differences considering the first geometry are around -28% and
+21%, allowing typ and ti, respectively. While, if the single arch is considered Anym differs from
Aexp by -31% and +1%.
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Figure 8: Minimum amount of reinforcement needed when Py is applied, considering the first geometry a) and
b), and considering the second geometry c) and d). FRCM applied at the intrados and loaded with P48 = 5.6kN
a) and c). FRCM applied at the extrados and loaded with P4YB = 8.0kN b) and d).
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5 CONCLUSIONS

This paper provides a strategy to design an externally bonded reinforcement (FRCM)
retrofitting intervention on curved structures having quantities based on a thrust network
analysis. An optimization procedure is presented in order to virtually increase the structural
thickness when the structure cannot be considered safe from a lower-bound limit analysis point
of view. In this way, the output of the given optimisation can be directly used in the design of
FRCM systems either in 2D structures, such as arches, or in 3D structures, such as cross-vaults.
Hence, the design of the FRCM is carried out through a cross-section analysis, following
existing regulations. The key point is, therefore, to identify a cross-section in a general
configuration. This is done by considering a cross-section to each node of the form-diagram
used in the thrust network

The proposed strategy has been applied to two different case studies: a simple arch and a
buttressed arch. The first case study revisits an experimental campaign conducted in a similar
geometry and the results of FRCM quantities are close to the ones applied in the tests (no error
when reinforced at the intrados and error of 20% when at the extrados). The second case study
also corresponds to an experimental campaign, however the buttressed arch of this example
presented a more complex geometry which resulted in less accurate approximations when the
peak load reached in the experiments is applied, since 3D behaviour may have to be considered.

Anum in X direction [mm?]

vt’ o
a) b) <)

Figure 9: a) 3D geometry of a shallow cross-vault with additional line load, b) thrust network leaving the
structural section; b) minimum amount of reinforcement computed by the proposed methodology in x-direction.

The present methodology could be also extended to 3D structures, since a tool to design an
externally bonded reinforcement for those types of structures is, nowadays, not yet available.
Therefore, the three-dimensional extension will be the core of a future contribution by the
authors. Indeed, Figure 9a shows a shallow cross vault (10x10 m? in plan and a thickness of 0.5
m) in which an additional line load of 26 KN/m (2% of the total self-weight) is applied in the
centre of one web. Figure 9b shows the thrust network exiting the structural geometry, allowing
only tus and Figure 9c shows the quantities of FRCM reinforcement calculated for the
reinforcement applied in x-direction. This calculation is possible by considering the forces
decomposed in the directions of the FRCM strips are fixed a priori (x and y in this case). The
cross section is defined for each node of the form diagram and is oriented perpendicular to the
direction of the reinforcing strip following the direction of the normal with respect to the middle
surface in the node observed.
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The merit of the numerical formulation applied is the simplicity of the input and the
comprehensive output, which allows it to be easily interpreted by engineers working in
assessment and retrofitting of masonry structures.

Finally, the results obtained were, in most of the cases, overly conservative. Future work
will be focused in reducing this conservatism and obtaining more accurate measurement. For
three-dimensional structures, for example, different form diagrams should be explored in order
to obtain a lower minimum reinforcement area. Furthermore, the analysis of different load cases
can be applied, in order to define which is the most severe configuration in terms of quantity of
reinforcement to be added.
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